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~ A .  INTRODUCTION

A linear. discrete-time , constant, dynamical system over an

integral b~rnni n B is defined by giving a finitely renerated torsion-

free R-module X (the state module) and a triplet of F-homomorphisms

(F. G. H). where

F: X X. C: F
m 

~~X, H: X

We call t~ e 1’ r ’ee F—mo d ule  Fm the input ,  in di l le ,  j
~~ ~~~ output r.o~ uie,

~ n H  ~:~~i t e  the equations of ~/ e

X
t l  

Fx
t 

+ Gu
t
. t 

~

.. 

~~~~ ~V~~:~ft COP”
~t÷l 

Hxt~i.

where u~ (the input at time t) belongs to F
m
. x~ (the state at

time t.) to X and y~ (the output at time t) to

It follows from the linearity of these eauations that  th e  relat ion

4hey induce between 1 nputs and outputs is completely characterized by

rhe infinite sequence of p X m H-matrices S ‘:  (ii . 1 , . ... ) (the

in~~it output sequence of the system) where is the matrix
t-l m p .representation of t h e  R-homomorpnism J~’ C: B - B in the standard

l’a~ es of’ and R~ . Conversely , given a sequence of p m

(i~1
. A ) , the realizat~on problem c~nsirt.~ in

a f i n i t e l y  gen erated to rs ion- f ree  R-modu].e X ~nd three

R- r morph ~~~ms (F.  C , H) as above such that A
t 

.. fo r all

~ 0.

t 1 t ) p~ r~ ~~~~ X can he ~enerated as an h-~n o I u l r  I y n elements ;

th r ’n  we e a i  represent  the  hom omorphisms F . G , It (not neressaril.y

, un i~ uely~ hy ~— m at . r i~~e~ w it h  respect to the st and ard  ~~~~~ of ’ 5
m 

and

and ~~ s~ t of ~enerafnrs. We shall from now on not make any

r i i~~~i n ~~t i o n  between the homomorphisms and their matrix representations.

If r is the smallest carlinality for a set. of generators of X. we

~!Ia 1l  c a l l  r the dimension nf ’  the system o~er F.

_ _ _ _ _ _  
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When H is a field , the realization problem is completely solved .

It is shown in KA LMAN . FA LI3, anti ARBIB [iY~ that an input/output

sequence can be rt~~iize l by a rinite—dimeos o tal systeni 1!’!’ its

associ~~~ed behavior r ’atrix

A1 
A 2 

~~

~~ 
A

ha i ~ f i ni t e  rank n, that n is the minimal dimension for a

rea~ izat,ion of the sequence , and that a system realizing the sequence

has ~ii  oai  / He  s~ .ff it is canonical, i .e .  both ~“ . ‘ih~ e (t  c

r i nD  (, . FG v°~~q): B
nrn 

. X is onto) and obsei-~~ble ( the  map

(i t ’ , F ’S’ ( i ” ) °
~~~H ’ ) ’ : X - R~~ is one-to-one). An algorithm is

also uiven  to construct. such a minimal realization.

~‘ihert B is o”t a f ie ld,  it was f i r s t  show n in ROIJC H~ LE~ U. WYMA I I ,

an  I KA TJ’t~I I’I I 12’ 2 I t~i n t .  under  fairly general c~ n i it i on s  on N . the

c r i te i l o n  for the exi st en ce  of a realizat i i is exactly t ,i i t ’  sm’~e as

a b~’~ e , ‘l v i e ]y  t hat  the behavior  ir’it r ix  have f i n i t e  r ank  (n ’-~ up-to-date

snrmary  of these existence results is given in Fection B of this paper).

That paper d l not consider  the question of t h e  m i n i r n i  d imens ion  of

rea l iza t i ons .  Su ch a c m n c u i ) t  of’ course is easy to  de f i ne :  a

r e a l i zab l e  i n p u t / o u i t n ut sequence F (wh ich t lierefrn’e ha.s a behavior

ix  of Fl i it e  r a ’ i k )  ca n  be ~‘e’ lized by linear ~y ’ t c i l s  of f i n i t e

a i r t O i r a 1 re~ iz at i~~n of ’ F over R y~ 11 he one, the

rJ i nie ‘ s o  of which ta r’’ al Icr t h a n  th a t  c C  oar  at / ter  r eal iza t ion  of F .

It . of ’ coarse , always cxi i-ts l i t  is not C O i l  v~~1.e it , a ny  o r e  t a  f l i p

o f  ion r i ’  c ’ a o i f l i c . :i  r e a l i z at i on ; i t S  h i i ’ i n n a j ~~n o’~~ Tie l — r F e r  t 1ua~ the
r ’ t l i l ~ 1’ I p f r ~l a i i ~~ i ’ r’ ’ t r i x , an t i  is not in F o n c r o l  e a s i ly  determined

p 1 on f i a t  d at a  —

The i n  i ’nr re  of th e  i i ’n a i ’n t .  pa  per will be 1. ’ r i  i i i y  ‘‘ lore  r e s t r i c tiv e

1 : 1  a t  r
~ a!~

i
~~i’ ve~’a i  ii of’ c~in i ” ality, Instead of’ : u r h l nf .  a s  in the a

a f o r c e’ hi onc I p~~per (t ~~ii~ ’ IA LFAIJ. W~F4A~~, a n i  El IL’ 1° ‘1) :

—
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“~fl~en does an H-input/output sequence S realizable over the

auotient field K of H also have a realization over H?”,

we shall ask:

“When does S have an H— realization which has the same d imension as

a minimal realization over F : .

Since R is assumed to be an integral deiuiain , we may consider its

suot ient field K. rib a system (x , F, C, H) over H we laly associate a

system (x ®R K , F K , C K , H 
~ R K) over K which has t h e

same input/output sequence 01’ H-matrices. Furthermore, if the systos

over H is canonical, then so is the associated system over K

(‘because the localization functor is flat). Since the hi-se iuencn

S = (A1, A2, ... ) is a fortiori a K-sequence , \‘,‘e can find, a

realization for it over K; the system (x .

~~~~ 

K, F K, ~ :y~ K,
H ~~ K) is an example of such a realization. To determine a i~driima l

realization for the R-sequenice S over K is a zolvei p r e b l a : . f i n

are thus led to the followinc

(1.1) : EFLIITIOK . A realization (x, F , C, H) of a sequence I’;

over R is called absolutely minimal if 1’ its dii:~ei ia  ion is t h me same as

that of a minimal realiration ri ’ S over the quotient  field K .

(1.2) REMARK. This defini t ion is equivalent to i c  hucat i l a ’  that tl~e

system over K defined by the matrices I’, K , H be canonical.

(1.3) V I2IA . T h e  state module X of an absolutely i ::in ina.L system ~~.

is free. E is obset’vab.L e and weakly reachable (i.e., rank1 (d , FK , . . .,

F
n l

G) = n, diinenaioim 01’ tIme system), arid conversely an observable and

weakly reachable system is absolutely minimal.

PROOF. The n orimiu rlitors of I as an R—module ar t :mlsc

. aJncrat Or S ui X / K a:; a K—vector space. It ’ Lh t ny are mm it L~ ;l .t ;mrl y

independent , the ‘ I n ins i  11 01’ X ‘)~ K is 1 t I l l S  than m m .  eu n t r a i l e  t i n ’

riaimimalit y ver K.

i t ’  the sy:: t in , were i ut b’~t :rv :Wlt  , there would hi ~ a at  ‘K e y. ~ 0

III ,\ such that  

-- ‘~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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x ’ (i i’  F ’H ’  . . . (F ’ ) °~~ H ’ ) ’  = 0;

but this would a fortiori mean that there is a state x ~L 0 in

X K
R 

K which is unobservab le  for the syr tem i (x 
R 

K , F, H, i i )  over

K, contradicting its c an on ic it y .

The proof of ’ the corierse is ; i i i s t . a:; t r i v i  t i .

rphe a i r  af th i s  paper is to characterize those rings H aver

which any realizable inp u t/ o u t p u t  sequence can ‘i ’  ye an absolutely

minimal rcal i z a tian .  The in te res t  of such a cearac te r izat io :i  is tw~ — t ’ ? l 3

F i r s t , it will tell us exactly when we do riot lose an y t h i n g  ( A m i d  t f : e

point of view of’ d imens ion)  by r e a l i z i ng  an i nput /output seoucun ce  aver

the r ing  R rather than oven’ an overfield. of H. Second , ohe o :’ t im e

:‘ otivatiomis for studying systeruis over rings is their use i~ l : . O ; C i l J m ,c

iel. ay—d iff ’er enl ~ial systems (c . f .  KA IV~~N [1~ 1 ) .  In th i s  c ;t ;t ~ t ee

r in o s  under cansi. ierati’rrl are polynomial r f  r igs ;  a s u f f i c i en t  c’ ? t i  r n

t’or the pointwise control] ab i l i ty  of d e l ay— d i f f e r e n t  i ru a y ’ L € z  m, : is

that the associated ring model be weakly reachable (see SO fl’IPm u [f~ 7c ,

Section 1 ) .  So it is im portant to know t ime pol ynomial r i n g s  over

which th is  condi t ion is alway s true .

After having reviewed in Section B of this paper the conditions

under which a real i zation exists, we shall study time probiema of

absolutely m n i n i m ~ai r eal iza tions . We shall see in Section C that, for

single input syrtLm: s, canonical realizations are absolutely ri n i r l a l

over very r e n e r a l  rings . Section 0 shows that tom’ general mrultivariabl.e

systems this very nice property holds only over pr incipal- ideal  1 -c’a:i r m s ;

we then give an a ‘~r i t } m ’ l ’r r r  constructing such a canonical, absolutely

minimal real i zat i u .  In Section E, we shall give a conc1itior~
guaranteeing the t X  I : t . e r i  O r ’  i ’  ;tirsolutely I :  j o l i a 1 realization:; ;

special iz ing the i ’t ’ rFI t to ,~~‘ vise of po lynomial  r ings , we s i a l l  f i r m  I

that only tho~ t ’ i i i  ‘ r u e  ci’ 1w var’iables satisfy tim e condition .

“—rn_
,,~~.,- . . ,--.-- _ _ _
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B. SURVEY OF,’ TIfE COI1T)ITIOT’IS UNDER WI EFCII RE~4LI Z.4TI0N ]‘IXIST OVER A ItIlls

The fact that

(2.1) Ti~~ORE ~4. An input /output sequence ~ of matrices ovee a

Noetherian domain H is realizable over H iff it ~s reali: able over tl10
quotient field K of R.

rots first established by ROUCHALEAU, f’~~~AN , and KA IMA N [i9~2 I . To o r e

the paper self contained., we shall now give a simple proof of this

result .

It is well-known that an input/output sequence s is realizable

(whether over a field or over a ring) iff the (infinite) colui rms  of’ its

behavior matrix

B 

~ ) 

BEST MMP 
~~ LECOPY

m a y  be wri t ten  as linear combinat ions of a fi ni te  subset of c riu :’, :m s ;  in

other words , if f the columns of B generate a finitely generatel

module we can then obtain a canonical realization as follows: take I

as stat e nm o dule ;  consider the sh i f t  operator on F icl’i r i e I by sealing

each column c t ’ B to time colum n occupyi ng the  San e posit ion in the next

block column ; it extends to a well define ’I m odu l e  enI omorp lmi s : r F of

X because of the Ilankel pattern of B; define a linear  transformation

G: R
m 

~~X by m apping t i e  j-th standard basis vector of’ K into time

j-th elementary column of 3; finally, define II: F ~~
-. R~ by taking as

the image of’ army colum n cut’ B t ie vector com: pose m 01’ the first p

elements of tha t .  en lum u ( i n  oth e r  words , t i p  in t e r a r 1”t ioni 01’ t~:~
column wi th  the f i r ~~t l’ lca ’i l  r o w ) .  Then (x , 

~‘ , C, ii) is a canonical

realization ‘1 ’ 5.

ret us now un : : m m n m t t  t i m t . f i r ’ H—sequence S I mu r ea l izable  over K ,

and as sum ;.e t.1 i t t .  v , . . . , v are a m e t of ’ 1 I i ,  is  co I 1151115 l’o r F over K .
1 n
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Therm any colum n v of B can be wri t ten as

v = 

~~~~~~ 

v . ( v ) v . ,  a.(v) ~ K.

The coefficients a. ( v )  i n  this  lin ear dependence can be obtained

using Cranmer ’s formulas

&(v) H

a.(v) = L_ , L~~~v), ~ E R.

Both these determinants, conmputed by addit ions a s h  ru l t i p l i c a t i o n s  fror :

element s of R , belong to H .

Define now u . = We ha ve, for army column v of b .

v •
~~l 

& ( v )u ., ~.(v) C R,

hence the R—r, :o i r m ] e  ; T(~t l C t a t t , e u i  ‘by the columns v 01’ B is c ‘ tail t ie 1

in the H — i r a, l i i i  €: o,r m cr a t e~i by u1, . . . , U .  Si mm ce “ ]ioetherian ’ is
equivalent to tI evei.y submodule of ’ a f ini tely generated nodule is

finitely generated tt
, the theorem follows .

If we relax the Noetherian assumption , th en we can use the

following result of CILAB ER T [ 19721

(k . s )  RESULT . Let R be completely i n t e g m o  My close t and K its

quotient field.  Therm an inputj output sequence S of’ B-matrices is

realizable over H wi’m enm ever S is realizable over K. Fim m ’ t 1 ei~i ’a e ,

the monie recurrence relat ion of S of mini m al legree over K Las

all of its coefficients in H.

PROOF . See EIIE NTIERS l] ’~’I m ;  Chapter XV’I , Theore m i. .H.

But it has bee n sl ows (ROUC HA LEA U , KAIflAII , a m ]  \~YNA 5 lK’ 2 ) that an

B—sequence is real izable  over R whenever i t  is  m ’ t ’ ; i l i zahle ev es  ~~~
integral closure H of K .  Hence we have :



‘u, ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ ‘“.‘ rt!~f l”

Ill 1
I I’ / ‘“  

~~

(2.3)  RESULT . If the integral closur e H of a r ing H is

• completely integrally closed, then an H-seq uence is realizal .:le over

H iff it is realizable oven ’ the quotient_ f i e ld  K of H.

A slightly less general result was prove l ] I , r KO]1(’IIA LEA I J o i l

[ l97h i 1 , using a general izat ion of classical s tab i l i ty theory . Extensions

to reduced rings can ‘be found in ROUCHA LF”.AU ld”F~ (reduced m i i i ’s are

rings with no ni lpotent  e lements).

~
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C. STNTC LH -IN PU T OR CIl’TG LE—OI YF PIJT SY :’tFS :S

Let S be such tha t  m = 1, p being an arb it rary  f in i t e  integer ’ .
It is well known that the existence of a rea l izat iomi is li nked to f i a t
of a monic recurrence relat ion between t ime e l ’s : c r t~ of S.  ~ e h a v e

precisely

(~~.l ) L~~UdA . If an input/output  sequence S w i t h  m = 1 ~al is Si em ;

a monic recurrence relation over B of’ degree n.  t h e r m  S i r ~s a

realization of i ’ iu :m en s i on  n over R.

PROOF . fssunre that ~ A, ÷ . . . + a P~ m Tm 3 r e ’  11n k 1 k+n-l k m
k 0 . with v . B for all i .  Then the 1:-matr ices

1

O 0 0 . . .  0 - a n
1 0 0 ... 0 - /  O l

n-i
O 1 0 . . .  0 - a .  0

F -r : . ~ , (A 1 
r~~ ) ,

0 0 0 ... 0- ’~,, 0

O 0 0 . . .  1 - a 1 
0

together w i M  the  s tate  module R 1
~ const i tute  a rea l i za t ion  of s ize n .  0

(~~.2) L0S~~ . i t  R is integral ly closed and t i e  i n p u m !

output sequence S is i’ealizai ’Le oven’ F:. then  its ::mouc recul’m’eac’e

polynomial of’ mimi slain], degree over t ime quot i eat  f i e l d  01 ’ 11 r~:: n i l ]  of

its coe f f i c i en t s  in 11,

PROOF . Si rmc ’e S is realizable o ;er  B . it s a t i s f i e s  a :,c’I:ic

recurrence relat ion with coeff ic ients  in B (given , for exa~~ ’le . l~ ’ ~ e

ch aracter is t ic  polynomial 1 ( z )  of’ F in one of i ts  r ea l i zat i u : i s 1 .

we now view 1’ us a sequence over K , t ime se t 0 ] ’ r ecur rence  p O l l ’ulen i a I s

of S is ar m idea l J in K 1 z (nonempty.  s ince  j  conta ins  Im (z))

‘flils ideal is principal , hence ha s a mo mm ic  generator f ( z ) .  t u e  m i n u s

recurrence po lynomia l  of m in i m a l  degree of ’  S over K .  ri r i lil ,. we have:



‘ I i ’ ’ f. ’ I I
1 / ’ ,

h ( z )  g ( z ) f ( z ) .  ~ ( z )  mor~ic ii K ’ z , : 1  S o n i C  i n  K

This is the exact setup of KA 1 T SP~ and SIST1 JTh L :ol~u:~- I , ‘lo u t  pm ’

Section 3, Theorem 1 , o i l  i! i’cllows f i n : . ] ‘ .e i i t .m ,-~ i a l  el ain e of H

tha t  f ( z )  is in IS z i .

Assum e t h e n  l i m a ~ n i ’  i m , m : m t  output rr e mmuemmee  S i~~~ a .1 i i :  ‘1

realization oveu ’ K i m ’ l i e  siom i m a mid  I t a t  K i s  ‘ ealI s s  1, O’ .’ u u ’

H . This m ic a ls t t .~u t h e  aas~~c i a t ed  e1:ovior’  m a t r i x  ~( K ) h m a s m’ mu: ~ : r i

(see for exm:ule ri A I e J . iA1 , and A1’:Pl K I’) 0;  ( ‘ m .3~~teu ’ II) I ,

that the f i r s t  ~ t 1 colum n : of’ B ( s )  are l irm ea r l ~,’ . t e , ’ e u ~ i c- nit . i a e : m

there is a recur ren ce relat ion of’ degree n over K i ’e t wuae ’ m t i m ’

element s ( in  th e  present  ease , vectors ) of t i e  input  ‘ou tp ut  m :e u r p i c n ,

If B is inteerally closed , it follows from ( ‘~~.s)  tre at , t ! P i ’ C i,s a

nmo nic recurrence n ’elat io im of degree ~~
‘ n over R. or (ti). tu:tn ’e is

an B—rea l i za t ion  K of dinte i s i o t i  
-- 

n. Since a real] r a t i o ’m  w i t ’ ,

coe f f i c ien ts i H is a for t iori .  o :ie w i t t i  cr ’e f f i c i e ’ it s  in K a .  I I n c

d i m e n s i o n  of a r i  s i sa l  m r-a u zat .ion oven’ K is o , th i s  m ’- ’t eal lzat io

>‘ must ave  I Ia  e ’ ‘1 on •‘xaet iv n . ~ur’t 1 em ’r:. o r im . the  real  izrd io~
cons t ruc ted  i m  ( I )  is ‘ear’ .rm h]e ( t h e  c o i m i m : : o a  nI 0, I ’S . . . . . :

generate p~ ) a m i l d , e r v a i l m ’ . I c  a ac f.!:c ’ i ’ m ! ’o t e  m ove ]

(
~

. 3) PRO R ’)SITIQII . ~ n B — r e a l i z a b l e  l~ put omm 4 rpmm t .  s e q u e n c e  w i  h mr

over an__i n t eg r a l l y  close ’] d o m a i n  B h as  e.’~ : — m ’ e a ] i z a t i o n  “,‘~~i, c ’ i i  is

both canon icai  and  abso lu t e ly  m i n im a l .

The argu m en t is very s imi lar  in t h e  ea se  c i ’  ~ o l e — o u t  1 1 1 1 s , ’ mmi ens.

The n—dimens io n a l r e a l i z a t i o n  associated wil 1. l e  :‘ecuu’ m ’u” oe of d e u c e

0 is now give r  by

/ a, o . . . o ! m l
/ 0  0 1 • .. n Tm .
I . , . . ..

F’ ( . . . , . .  . ; , 1 (1 (l . . . O)

: 1 :
- C - C 5 1  

- 
~n-2 ‘ ‘ - ‘ 1/



K’ i ’ l l  10

K
0 

h e.irio t I e  ‘ l a t e  n o  n i p , I’ r rm. :  n e

( ‘r . I .) S l i O P O S l I l O  I .  Tm. ’ m K - r e : m T i z ’ m b Te  j ’~~~ . I : t t : . , m t .: e : uu ~~~,’ ‘ i t  I
o’n’ r r i m !  l n t ’ r ’ m ’ ’ ’ I ] y  ‘ I  m . ’ o i  1 : 1 s t .  1 ’ :  ‘n ‘ , — i ’ t ’ i ] S ’ t, O

[ i i  u m a n sv ’ ] ln I ~ ‘ ‘ a t :  : , ‘ ‘s ,  ‘, ‘ ‘ m ’il y ‘‘ ‘ eLi : 1 - .

To r e p  t h a t  ‘ i l  i lLs ] 1 ma: 1 1 St .  I ,  ( ‘ . tr m u ’ s ’ ‘ m t p - n . : , :  a :  I ’,’

i ’ea chah e , a ma a n  tha t .  H l.a not ri p i i . ’ u ’  1. i i  1 :-r n : ‘ i :  m

E H Sc ’ ,’ ‘ m m ]  C ‘ O o m ; 1’ a l  p a l  ] t ’  ) I ~~~’ : ‘ 0 ’ ] .  5 el H .

i : i u m i t m m i t rmm t : : c o m , s ~ i c  Tm 1 (~ :) 1’ - . ..  is m ’,’:’li:’e’ a

!et’ R i’ , I 1, (1 — (
~ 

) ,  II = 1. If se ~~ai’. r  H a:: a cl _ i .e

p . : bi le , th e m i t i l :: rsb :’ : Iu t el ,y a] oirr :’i l reaii ::’mI ,  ; ) r m i :  n a t  m’eut r m : m L , l m :  . m a n

1 iS o r n I c ’ . i m ’ ’ ’ : ” i i~~u i t  m e :  ] i z n t i o n  w iul I “vp  a :1. 1* “ , ‘ : ;  : ] ~~

I.:ou :. ‘ s p I m i : ’  to  ( n ; I m i a : ’ is ‘ion pi’ i m e i p a l )  ~m c ’ , c i  i t : :  :h i r rme l m : i : r .  ~‘1 i l m e

a ;  i II .  s au l  1 ur ‘I . he : b s o l  i t r e l y m in i m a l .

The m l  ~~~!
‘ a . ’’ . mm ‘ e ’ m l i z a ti .on , on tee ‘at 1r~

, r m i t ,  I , is erm : a, i .n,l.

lIe l ive  ban e ‘ i  s ‘ : 1 , : ’  i r K  a “ stron ’Tly observable’t syste ;. (see Sr ’I I I’0~
I l9”( (K II , u t mi r ; ’ Li. 5 . 1  br malr ’ :iorm 01’ the fact  that the dual ci ’ a

c a n o n ic a l  a’,’ .. ! u .  i t ’  e l i p i d  is c a n o n ic a l .

~ ) btl ’l- ’JmH Y. . u ‘.me : i m : : ’ ’um :e  that  B is not 5mat  i n t e ’ t ’ u t i l y  ci.c s c

but  even o . m u m , i ] ’ t e l y  i t i t e : ’ u ” sl. I.y c losed  (J ill ’ exao,pie , if It is

i n t e ’ m ’ a l l y  c i ma : : i ’  m ‘ n ]  J ’ c] :l’ m : n ’ i m m t m )  l ien  we ne c] us ia ‘aily i i  ( a , a ) m r

( 3 , ) m )  Sp at  1 : 0 ~~~t ’ , , l  o m i t . ~~it . m m s m q ’ m e n c e  S ha:: a m i u i i u . . : l i’e’ a i j  ~m l  1 a l l  ‘u ’

1 u m e l m s i o r i  a ‘ v, ’r K .  ‘1 m m t . i t  is R— r ’e rmi  i m a l l e m’.’i Ii 1 ’.: ] 1 mm; I I  . - , ‘ ‘ i  iy
ill

from (r .. ).

Let ma flOW c- ru : ;  I ‘m r t h i s ’  ‘erJt ’ra l  mu lt i v m r i : u U l e  c r i m e .

_ _ _
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P. ‘.; i i ~ ( 151 : ‘ ‘, ‘iO ,If(’t L hilt l i t  Tim 1K SI,’’() H— i . :r J l t 5 S.L’ .

The O n : ’wO r ’ 1 0  m I : ’ ~m i : ’t I ci  l o t ’  ;‘ . m m l t l — I ’ i i r m t . m i l l  i — o u t p u t  cyst s ’: .: :

I ‘iei’~,m ,: i m p1. ’

‘ t . i)  s t , o n m , ’ T LU . ~, i ” ’ : u m i c a l  m ’,”,llz” ,t ‘ r i  - I ’ cv : ’i ’y  i n p u t. o i itj ’ i m t

K r u ’ mm ‘ I  . ‘ ! - i ’ 1 m , m i  m m ’  i m i  hI i ‘ m d ::’ 1’ mt .e I y m’ . 10 1: , i f  ‘cm

H :m : i p m ’ i : i m ’ j p m ~ i — i  , ‘ m t ]  1 . , . .’ i n .

PROOF . fIu ; ’ i ’’r c l e n — y .  Let X he time :1 ’  t i :  a .  :51 5— 01 ’ : c s’ 51 a l

u’ e m m i I z ” t t i ’ ’ : r  (1K 1 , 1 , s) of’ t he  sequence  .K 1mm m y  i e I ’ i m r i t i  a

f in i t e l y  semier :mI .c i ‘ m m , ]  t o rs ion  f ree .  S lu i c e  H i ,  a pai n’ :‘~ 1 i  : p : , l

iomain , X is  a ~~l ’ s ’e iumo dul. e . Let dim X = m m .  C = u , , ’ , m t ’  i : : ,

a s zo c i ” t e i  K - a y a t i m ; m ,  (x ‘

~~~ 
K , F ‘ P1, ml K , ~ H 

K : .  I t , ’ st s t

:p ’ cc X ‘

~~~ 

i. h ’ :: tI m cair n I i m m m e ’ m S I u n  n ( m u ;  a K—vt: ’ t a m ’ ,: 1:’ , c’s )

(r i m; an B — t r a m  I : m 1 ~ ’) S i t S ’ s ’  X is free.  A s s” : T ) o i : . t ,e I o m i t  i i i  t a n

in t roduct i on . t.u,l ~ ‘ ‘ ‘soc f m ] . ’ I r — s y : ; t e ; m m  I: ’ cm m m ” , : m i c m , ’i a i n c’ tm 1. ’ .e

ori - i n a l  i ’ :— : ’’,’ : l , ’ , .  5 : 1 : ’ , 5 a i t ;  the  h i ; ’ . s ’ : i : : i a m . 1 ’ us  m ’ , ] a t m m . ’c i  u ’c” ’! i z : ’ t  Sn’ ,

of’ S over K .  i r e  ‘‘ ‘ t s r .  (x , 1- ’ , (‘1 , I I )  1.-: t m - u ’, ’: ’ - i ’ ’’ :, e, ’ e ’ : m m s u ’ i1:,’ m c : i

absolutel.y m a i m , i ; m . ’ ,i u ’t r m , l i a ’ l i n n  r l ’ K .

Sere m : u :  i i  . I t  m i : : . ’ , sr; I r i  a r my ‘i n I t  ‘ b y  ‘ ‘0 : ’ ’ a- i l  a m - m ’s 1 o n —  I ’ ’ ’ ’ ’ ’

I r a  in  he  F : 0 ,.,’ i. ’ ‘ H ’; , m I i  ; ‘ a J , ml e a~ ’ mm c ’ ’ ’ ’ ’ . a’’ , 1 a ’ . ‘ I  a ’ - F i s

f i n i t e l y  S e m ’ ’r ’ ’ $ , ’ t , W m L i . ,  ‘‘ u ,’:, r: a’’ m , ’ ;’ : ’ • ‘ . . . ~ ‘ ‘ ‘ m ’ - i . ’m a, m m ’- ) , ‘ ‘ - O rio n

m U
H i.X ‘— ‘p

Since X I:: l ’ i n i r t ’ m y  ‘ ‘ - m n ’ u ’’ , t ’ ’ u , l ’ im ’ ::i ‘ m m — I ’ m ’ ’’ , mi : ]  I . e r i m , ’:: we

cons ider ing  m u l t I  i m : l . e f ’ m ’ m i~ ‘sa t tO: ; , t h e m e  I:: n b a  a i m  i n S e t , : , : p

0 ~-X 
~ p R P

(see R0~~ A i’l [1~ ’ 0; Theorem 1 . 1 1 ) .  So (x , F , 5 . ii) . wit . F ‘~~m a

state module and wi th  F - i e ’tity , Cl u , Ii v is a c n m ~ ‘ ‘ “al
system .

It was p01 nte 1 out in the Introduction ( Leu~~ m~ 1. t ) I mum t I me at ‘ i t  c m

m : , ”m ’ l n l e  hi ’ an m m t u m e i m t . e l y m in i m a l .  re’ , l i ’ i. ;m ti m ii 1.’: :’, i n r a y : ’ l i v e .  K ’  i i ’ I : , ’

- - .  -~~~~~~~‘ ~~~
‘ --- - - .  --  -
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l,/ O/(( J~

stnite module of army canonical system:i is Ia- :- r 
~: ‘ a t . , I. m , . rl a r m y  m l  u m i t e l y

mtem iei’atei , toi’sior i f r ee—modu le  is I ’ t’ev .

r ’im ’:a in  t u rn  implies that time ririe Ii : a : ‘a ,; m i t  m ’ i m o ’ . 1 i  j a r ,

‘n y  5 m i t e l y  ; “ e : i t ’ t ’ m t.e ] l,ia :’l ,J in the - I  - : . , m s h ,  II in : a f’jmt jtn’1~,r

:io mi i t . -en  I i—a ’ .lmil e ; tao S m :, mmm mt l v  m m : ,  i . ‘ a . -  i n ’ mm

a ti m ’ : - . ’ i i i  c m ’ H m l ; : .  I 11 ‘in:  a r t s :  m a t e  m m~~ mis m r —m a-a l i i i e by a m m r i m . ‘ i s ’

i ’ : .  I m l i ;  ‘ a m ] - , ’ s, ’m sm m’ -erierat m~m ’ . ‘a J i n ; i ’ m - inc i i, ’ I , a i m 11

is a h’ n’ta- ” mu t  i i ; : :  . Hit t}m ’ia , t “ , ‘ethei ’ w i t h  t m : m r  :J i .’e t h t l m ’ i : m ml ;r , , : ’ - . .51

imp l i e s  t . 1 m : i t :  H 1:; - ‘ p r i r m e u ri ’- .l l ’ m v ’ ; i l  , l ’ s.a j m m .

We shall ~ i v e  air a] =c, i ’iI m m  for construct i o~ such a c a n on ical .

r e a l i z a t i o n .  n’ I a: I. ‘u s ;  r r a c e m a t , n i n  t ime ranlc of ’ the  i m e ] m a ’ ,’n 01’ vn t  s ix  ~~(n
(which can Hr Kant ;  over ama:1’ fi e ld  contaimsin’; a , u s] a ‘ ti . ; rsumi-: c~ ndi tLa r

of KA U.lim ’~ . m i m i . . , a - , - ]  1’- m ’ K -I R 1 ” ’ t ;  Chi m ’spte ’i’ 10 , C ’  i ti . ] I ‘ - i I]. “ ‘I . T}, m , m

we ; ‘ i : i m  a :~ ‘, m , ’ i n a r u l ’ ’ r ’ : ‘ u C ’ : ’ m t , r ’ iX  - i of :-axi i~”l. r’anl; , s ay  ‘ ,, ‘ a m

a v e r ’  R I’ ~ i ’ I; ( t i e  s m i l ’ m r ’ t r ix  of’ B(S) cons ist imia  o: t a o  r i  r ,t  a bl ack11, 11
u ’ ’ ;-r S a I , ‘ - n l  tm ’ ‘t , : ‘if  ‘ m -  m e L - r i  01’ n m ” t r i x )  . Ttm m i  a; Ca . ,  ‘0 I-”IC L i

‘ 11,1 rn.’ i ‘ig

~
) lvi L m u m  H i ’ -  , ‘ ‘ m l m n m m ” '  t i  IX o r  B 

- 
C ‘ ; ~t , ,  a ‘in] r  ‘j e  m ’ ‘.-? : ‘ L

: , m a r l  mu
1 

t - a i  m , m ’icm: : t ‘ :m - ’ rrsrm on d i vi s o r  of i, ’ e els’a.e’, tm ; 1 : H i ’  . 1  ‘ n u t

~ o;’j -at ’  B . f’ 11 x the l inea r  c ‘ ‘r m ’, l ’ l ‘ m a t  1 a r m ‘ ‘I ’ I ‘ i  c a l  m m : : : , , ’ a I
n ,n I

} i m , ’ ,r j I l ! ’  a
~ 

i r s  It .’ in - i is - ’ ca e f ’ l” i c ieat .

“r i )  K m t l m t . m ” ’ ’t i m u m ,  e ve ry  co lu mmm x of ’ L a ; ‘ m m l t i p l e  -
~~~“ '

a(x) x1 (a (x)  in R) such tiiat the f i rs t  element of’ x - c t ( x ) x
1 

lam

0. Thi s  i n ;  p~s’ .: l - l t ~m imy ‘ i t ’ i ’ i - .i t j ’ a ” m  of rc
1
. ~ei. mi nex u: ’ t , m ’ i X

wi tim zero t -p i r e . ’ , ‘ma i m d u a l ,  t h at  it s  columns t. , - ’, ’c m t . r m n i ’ wit . i at  i l l

~e m I c m i ’ m 4 t e  I r tm ie co.Lu :’ - 5  ol” I .

‘ i i i )  1151 app ly  t h e  m a I n e  proce l ire  I ‘ a C r e  : ‘ec ’ ’ ’ : m - I  i’ in,’ a m ’

-‘m i m t r ’ r - i n m i n f  x , ‘ f l u  H , ,  m I t ’  4t tIn ’ a u ]  of’ t i m e  .. ‘ ‘, m c5’ , m a .  we , ; : , ‘ 1, 1

have a b a s i n :  ur : ’- - m e  r i p  or ’ ve ,s t , ’ a i ’ n ; ( x
1 

x ) .  tot . K a ma the  ‘ , “ ma

submn.tri .x of H l v i  :V~ j t,~r columns in  the ‘i m a t  bic,sal; c- i l mm -a m a ’ a ‘ ‘1

t h e  p ‘ a f l  , : u i l i m ’ m ’ i t  r ix  of  ~~m n 
ror respo!r  

~s t a  t i m e  c mlii : , :, : :  of 1 ‘m t .

t he  f ir ’::] b l n m m k  p w .  Th ai Ice , ‘ ; o  w r i t e  ‘i t t  ;i re a l  i : m ’ ’t . ion  ( t i m e mu — — e mlil e I

ii ar c r~~’ . ’ a r i ’ ”  l i z ’ - I I on ) :

- . . - .-  ~~~~~~~~~~~~~ . .~~~~~..
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Si ’ I t ” I h ’ ‘1
1/ ’ ..‘ 

‘ 
pa ;

-l -l
F = (x 1

, ... , x )  ( :  i - ) ~ (x 1, . . .,

‘—IG = ( x 1, . . . , X )  u ’,

H “ A~~~~(x 1, . ..,

where ci miesignates the shif t  operator .

The matrix (x 1, . , .,  x ) ,  being lower triangular, is t : m S \ ,’ t am

in vert . As to itt; inverse is a byproduct of the deter’m.,.i .at Liii of

the rank of the behavior’ m:i u u t r i x .  

— -~~~~~~~~~~~~~~~ —‘ --,—~~~~~~~~~~ ‘, .- - —. 
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E. WHEN CAN WE ‘aIUA RJ\lITEE THE EXISTE NCE OF AN J~BS0LUTELY !.iIlm.pr I Hi - I. ’ 1. 1 1-Kit  - b ’ :

We have j ust  seen that we cannot expect ever y canonical r :,u lti ’-;rtrim ,]”t e

system to be also absolutely minimal , unless t h e  r i u i , r is a p i ’ i a , m i i m : m l

ideal domain.  If , however , we are willin l’  to consider absolutely

minimal systems w h i ch  may not be canon ica l , then we can f’ m iu ~~’ru t. m c

their  ex ima t e r mre - ‘S a l ’  Im mu re  , rermei’al I ” t r lm ’ S . Th ese are fiven exactly lay

t h e  followiof

(r , . I)  TIrEORE24 . Every reali zable input r ’ maum tp im t  sequence K

Noetherian r ing H has an absolutely minimal reali.:ati.on 1ff ’  every

finitely generated reflexive module over H is free.

PROOF . I’-becess i ty .  Let X be toe m’,t ’a te u - :a , lui ’le cf  a a’’ ‘ . ama i c m l

realization a t ’ 1 over R and M t h e  s tat  e u: ’m ]u l e  of an ;ti : ; c I 1 I L C I F
minimal rea l iza t ion  of S. fly Ler:crra (1.1) ai~ uub am.alu tel y m , i m ,t: :,rmI

realization is always observable, ima ’ r i r ’c  ‘ Ca l’ Cr1 ~ mu It -
~m” ,m - -. :m ( see ~Sm I .ti 5 .

FALB, an - I  AR I I I B  11- a ’i; Chapter 10, [ em. :n ‘ .s ’ )  1:m .pl b e :  t , mme € x  Ky  ‘Cd ‘ - 1 ’

an i n j e c t i o n  F ‘ i-I . Also , by ‘le f immit i an  - a m ’ a r ’ . i i u i r n -il ~‘e’ ’ ’l 1 zat 1 r i m ,

N 
~R K is ti m e state space of’ a canonical  r’ea l . iza t i ’,r .  of K ,r’ t.~n r’  ml .

So HI 5’R 
K is isomorphic’ wi th  X a I

R K.  T l r r r a  we have , UI) to

isomorphm i sin , X f l m ’ X f)
5 

K , where HI is free (he nna ( ‘ i .’ ) ) .

‘~-1e are exact ly  in the si tuat ion - lescr ihed by P OUHht.’~KT

Kect ion -~ , :fm it m : l i e i ’  I , Corolla ir ’e “ h e lit Pn’ .ap o :m i t i o m u  j,, m 
, r,ln-J I’ -i hi H— ’. ‘ i t  l en ’

F and M are “ i~éseaux ” of’ the K-vector space F ‘ H K , 1.1 ‘n I  rag

fur thermore t’ree ; m m r - l  c on ta in ing  X. As is pointed omit  i u l, I u e u i m - .:ve

reference ( Pm’ mr m p m : : i ’ t . I -ama ~ , (Iv)  and Remark 3) ,  l{oi m~ 1, 5 , H )  , — . : i
F

( 1 . 5 )

that  is , 1.1* C

1-low le t  X be :, I ’imi itel ,y u”enern t te d  , tar :;  I c m :i~~ t ree Iu : a ’  I r m l  a ccm’’a a H

Its dual 1~’ I a; i i  r m i t e i y g ene rm m te s l  s i rm e e  H it ;  ‘1 m c ’ t b e i ’ i a m r  . 1, ’ ‘‘a

(u 1, . .. ,  U I  be i~eneratoi’s of X~~. 1,,r 0 r : ,0 ; ,  ~ mri: ; t - r uct a r ano~m i c a J

system E , with state module  X as f’ol)ows . iCe ch a se t h e  rita ’ l et ’ ot ’

inputs n arid ti m e ‘m at r ix  K tin ’. in  t ime  i r u ,  ‘ C ’ at ’  ( ) ~ , 1 ‘i , t “ m m ’ s ’  ‘a, m’ 1” - to

iden t i ty  mat r ix  au m i  ‘ l e f i r m e I I :  X - . i n  :1 m m a ‘.- : m m y  I ‘ : ;mt it:; i i  m’



f - l i P . !  1 1
C 1- ’

are given by t I m e  f u n i - m t i o n s  (u1, . . . ,  u ) .

Suppose time system II has an abso lute ly  u n i n m i n n a l  r ealizati .r ’o

(HI , ~~, 
(~, t~) . By t ime f i rst paragraph c m ’ t rma pu -sal ’, F - N .  ha

the nmap II:  X - R~ extends to a map 11: N - - H .  S i r e  in ti m; am y :mt ’ s : .

the row s of 11 generate X~ , the generator :  of’ X~ extc.’ m , m t a

li nm ea ’m’ raap s  - - - l - m . So X~ ‘ 1’P~. It i’ollowa tHat  N ’  - -  F

Consequent ly ,  if X is r e f l ex ive, th en F i - I a i m - I  so X 1,: l i-ce .

S u f f i c i e m u c y .  As sum m u e  that (x , F, 0, i i)  is a canonical

m u ya teu m m . F 1m~ therefore  of f in i t e  type , h ence a “réseau ’t cut

X K (see I - ,O 1JRIfA KI 1.Q m - ’ , ;  Section ~C , Number 1, Praposit m u  1. - ). It

follows that  >r ‘ t in - I X’~’~’ are refl.exive (BO u’RBAKI Ida • Sect i ota ‘a ,

ilumber ’ -
, a ’ a u , u : mn: i t :m following Th~ or&ne 11) .  So F and X - ’ ’~ ‘a ve t h e

same dual , a im , j  t h e  u im a p  I I :  X - I R~ may be viewed as a mrm ap hI ~ ~: 5” ‘~~~ R~~.

The m a p  F:  X ~X ca rm on ic mul l y induces a map i x : X* - - ‘ X* . w ileS 10

t u rn  c a n o n i ca l ly  i nduces F ” 1 : X*’~ ~~-‘ X’X’*. h [emr ce a syste irm ( K ,  F’ , 5 . ~~)

canonically m t  i m i c ’emr  a s y m t e r : m  ~~~~~~~ .. ~ (X**, E’~k~ ’ , C, U - ’~ ) b u a v i r m m ” t u e  s a mm m e

input  ‘output ‘a l p .  h i  r u n e >1 is reflexive . K’ ~‘ is fr’ee by

assu mpt ion .  C u u t  X~ is a free “réseau ” of X ‘
~R 

K ( BOUE B!m KT C

Section t m , Ibmi j ’m b ei ’  ~ , commmment s preceeding Theorem l i ) ,  hence

dimu
R ~~~~ - - . h u n

K 
(x 

~
‘R 

K1 (‘fmOIJHRAKI [ 1965 , Sect ion I i , Number 1, Examm mp le 2~~) .

X ‘ H 
K being t i m e  : :tr t te  space - a f  a canonical rea l iza t ion  over K , ~5’* is

alum abs olutely m ’:i i i i  ‘ - t m ] i’ ‘mal i zatior’i

(~ 
.;:) RFI 1KIi K.  Ab so l u t e l y  minima 1 x’ealizatiomi ’a are n-at neces :ar ily

u n ique .  ‘b’l I ma fact wit] be i rm ’iestigated in SOSTAG [1977a].

We have thu s  obtained an abstract characterizati  un of those r’ imn g a -.

over which  :r .l m:nlut .e ly  minima l real izat ions always ex i :m t .  tm h e shall  now

: C m a m w trl u m l . mu:  ‘ m m f  r i ng s  ot ’  pol ynnmnr iala over ’ a f l y ] ]  ‘ a m 1 y  t i i o m: t -  i n  om m e ~m u ’
two I I I  e ta’ i ’’ , i nl’d,u - ,; a ‘‘a th i n ‘ m m  l it  l a m  a t ’ l I t ’  u ’ ’ .

-- 
( - . 1) .  ( T I m e  case a,’ -‘

du m m y  1 m m  l a h : e m ’ m - - m a C  ma m n : ;  n i l re ly I ’ m1sn i i t ‘t ’ u ilt’ I I m l  t u e  ç r m ’ r ’vio umn m u mac’ ti ,a nn ) ,

( 1  .3) 1~~ It’IP, . H ’m s ’ m ’y t ’i n I tel y g a m u t :  r a t e - I  an il exi via k—ma ’ m .lu le 5 : ;

pro , i ec’~~i v e l i t ’  1), ‘ I bm i 5 -  su m S - n m ‘ 1 ’ H is i I l l ’m - m ’ i a r  m ’ i ’  e’5 itm I ‘ a ’ .



I I I  1-fli’[ l b  is
i / / i , ’ PS

PROOF . This result - - -due to PJ~SS---r -r ’-y be found in FAITH

19731 .

( 1 . 1 )  LF,H~tA . If H im n ma i’i of pnl~i oem min i s  ira two u m n k n m a w , ’.: a r - e u ’

a field, thu r -a ev ery  projec L ive m : u a m i m m i i a  a” “ i r m i t e  type over ~ La free.

PR OOF . Km ~e P/15K i ’ m  .0, Ear t II, C m mm a pte r  1 m , ‘ : 1

Hi lbe n ’t ’ a t a -  i ’ m - u :  on :;ysy’a’’ies imnp lties t r  ‘u t  t Ine global - r i m -  ‘a mn: a m

- m u ’ a pol yr “u i ’ - I m i  ~. 1 m m  m u  i m n k n o w r u s  in ;  0 (see h al’ exarr u ple

KA , ’L~S-H- I KI [ l ~~’ , K: m m ’ t  III , Tim eorem ‘m )  . ‘i l u i s  i - i  t a r  t ,ast t ,w- , a

1 er!’Jn m ’ s a b u o , ’,’ t h u - it  n a ’  ci’ ’ ic r is true .

OICCEFH ’n”AT [0 1. A com .m iterexampl.e far  t i m e  c a s e  1’ p o l ,y n u ’ a m ’ .i ‘a ian

in three i,,’u ’,m ’i ”bhe , : o’er u m f’ield K (R K~~., y, z’) is g i ve n  l y t i C

- ‘ollowi n . n ” ’L :  - ‘m u t t u i l t  u nsi p  w i t h  15 r ‘
,, ~~ 3,

/x :< O\ ,0 0 0
~~~, A

2
= A  = ... =

( y o _ z )  
- 

(0 o o
\ 0 -y _x/ \O 0 0

Although rank 13 = 2, there exists no R-reali naation of ~1i m : t n i m : ion  2.

Indeed , the canonical state module F is isomorphic t i m  the cu ’luauai space

of A1, and th is  module can be proven to be reflexive but not :‘rue.

In view of (5 .  5) , the ~eneral problemu r ta i dccl Sins if a ‘iven S

sa t isfies the condition at ’ (‘~.i) break s down i nto the subprobl tmrnu :: :

( 1) determine if global d i m  S < 2 (easy) and (ii) decide it’ finitely

generated projeetives over R are necem;sarily f ree .  This latt er

problem is very difficult, hut is currently mum important research area
in commutative a l g eb r a  (vi  ‘a. “Kerre ’ s conj tmc ture ” , etc.)



N I  iSI  ; 1 ’ ,

F. ( ‘( ,l j ’ ’ IlK 0 1

We h ave  auh m am - r:a  a u c i ’  exm uctly m a m m a l  c n m h i t h  i , ’ ’ ’ ’: c- - m m  m ’ m ’ ’ ’ i i n ; m -  a r m

i nput ,’outp :it seque ce -‘ave u - - u r u g  w it- i :.- -I , l’i , ’e: acm’ i i . ’ ’ n ::’ , a r i

wi thout ‘iosi”m g a r m y  ‘ 1 ’ t1~~’ m i c e  p m ” ’ a m n m ’ t . u t ;: ’ ‘ ‘n i - i ” I n ’ ’ u - ’,

r ’ e a l i z n m t n . nvr ,  t i m e : u m ~,,r ovem ’ mm t i C  i - i ,  t’- li mi t C .e C l y ,  1 .- ma I - m m ;  m l ’ 
~‘ i  , : 1.

c !moru ~c t em ’ i z e  1 a ;  m - m mt cr : u ; u u - u ’ - un-; ; i m ’n ’ ,-u ’,’ci’ , it 1 ~. , ; m m  i i a N , ,  - ‘:1

p r i n c i p ’ a l— ’i ]eai - I - u u : r ’ a i ’ .~~, ‘ a , u l v m u a u a i m m i  r i m ’ s .  :~~ C s  m C ’ - m ar  - n ” l a i n .  ‘
~~;,

‘

move ; :p nu] . i c  t i O r s .  in Li me t 1 e n ’ y  of lim e-n’ N-I ‘.‘ — 5 i ’ ’ ~ ’” - ‘3 , - ‘a

studied by KAl~~ l] ~i’)
”a ~) .

It is po ma nni l f i e t m  a v e  am : m nipper L o m u - u r  on the ‘1 ra cr ’.a ’ tma e in ‘ a l  au u

to the choice ar m ’ m m  cm ’ n o - m u t ’ ’r l. r u ; m l i z ; ’ t i i ” u  ( me n  :, /1 1 1 ]  - ‘ ‘ i ) .  I n , ma a. ,

a D e m l e k i s i  u - i a . it d ’ ’ h h~ia s.1 m am-i n th:ut to :: i n  - : m  u - i 1:: t ’ d h i t ’ ’]  I . u 1

(BO I,JR BAKI [ Ii ’  - u ; C -,m ’pter ‘j, ‘nati rmi - . , P m ’a i , e :’ ‘ , Thi n ai ’ uo m ’ . - . [ m u  : “ - , - t

tire f i r s t  exnm unm p l.e of’ n c : -  n - - u i  ca 1~. yet ma ‘a amd ‘ m l : ’ , ” [ :‘a/ , l u ; ’ . .  ‘“ 1 5 ,  1 ’i’.’ mn I n~ t a -

a u t l i a r s .  by WYNm ’n l  1 11 - mm :; i i  ‘ u l)e,Ieki r ig  iS

‘ ‘ a ’  Ni ’ if’

Time o m u t imo m ’s m u m -c very ,‘- -r ’ - t efu l  to  ‘u’ -~‘e, : .m m ’ N .  E . N-\T ~-N ’ i / ‘ S r I i : :

: um mma cr a u s  n ’U ~‘era t i  ‘ r :a n m ~d m’ Th in rn ,e ’ .t0 dmn r im i - ’ II, - - ‘ - r u - i l  i ‘ ‘ a  of’ t h i n ;  1~ per ’ .
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